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1 Introduction 

Superconformal algebras have been studied for a long time in physical literature. The importance 
is above all due to the fact that the superconformal algebra describes the underling symmetries of 
Superstring theory. A superconformal algebra is a simple Lie superalgebra (over (C) spanned by 
modes of a finite family of local fields, which contains the Virasoro and some other odd , even ones, 
such that the coefficients of the operator product expansions are linear combinations of fields in the 
family and their derivatives. This infinite-dimensional algebra possesses a very rich mathematical 
structure with vast applications on different branches in physics and mathematics. Nevertheless, 
only until recent years, some rigorously systematic study of conformal superalgebras from the 
mathematical point of view has been worked out by groups of mathematicians and physicists, and 
profound mathematical structures have been found to further enhance our understanding of the 
original physical content (see, for instance [^, ^, ^ and references therein). However, despite the 
many theories of conformal algebras, the N=2 conformal theory has a peculiar nature which defines 
a class of its own, other than due to its applicable physical contents of the theory (see |Q, P, ^ 
references therein) , also the mathematical reason on the intimate relation of special features of the 
N=2 superalgebra with Kahler geometry which has been a main core in the analytical study of 
projective algebraic manifolds. Hence it would be expected that one of the important aspects of 
N=2 conformal theory will be on the geometrical understanding of complex manifolds, especially 
the application on their topological invariants. A notable example would be the elliptic genus of 
ci = manifolds, (see for instance |14, 21 1 and references therein), which amounts to the so called 



Gepner- model construction of the rational conformal theory |9[. As the mathematical structure 
of elliptic genus has now been well understood by works of the Hirzebruch school |11, 12], it is 



expected that a rigorous treatment of this topological invariant in terms of the N=2 conformal 



theory would be appeared as, or in a further complete form than, the one given in |18|. However, 
due to the length of presentation and also the nature of the contents, in this paper we shall only 
discuss the representation-theoretical aspect of the N=2 conformal algebra and leave its application 
on topology of manifolds as a separate problem, which will be treated in another work ||I^. In 
this note, we shall study both the quantitative and qualitative properties of character functions 
of the rational N=2 conformal theory. The unitary N= 2 superconformal characters have been 
analyzed by several groups of physicists |j|, ^, 15, |^, |^]. While working on characters, they 



are usually regarded as the formal Laurent series; however a proper theta-form expression of the 
character is expected for the discussion of symmetries among the characters. By incorporating the 
characteristic of theta functions into the twisted currents of the algebra, we obtain a theta function 
(with characteristic) presentation of the characters of unitary irreducible highest weight modules 
(HWM) of N=2 conformal algebra for different sectors, (see Theorem 1 of the content). These 
explicit forms of characters in terms of the theta function, which seem to be unknown before to 
the best of the author's knowledge, do provide a convenient formulation for discussing the global 
functional properties through the classical elliptic function theory. Deceptively simple as it may 
appear, this is an crucial observation since it implies that in this form, the symmetries between 
characters of the rational N=2 conformal theory for a fixed central charge are clearly revealed and 
the later applications are expected to achieve in the study of the geometry of manifolds. 

The paper is organized as follows. In Sect. 2, we give a brief introduction of the elliptic, 
modular functional properties of the Heisenberg and modular transformations. We also summarize 
a few known facts about the Jacobi-form like nature of theta functions (with characteristic) in 
the elliptic function theory. In Sect. 3, we first summarize some basic facts about the N=2 
conformal algebra and the discrete series of unitary irreducible HWM with the central charge 
c < 3. Then we derive the theta form representation of characters of these HWM for all different 



sectors, which enables us to further pursue their quahtative functional properties, instead of using 
only the Laurent series expression. In Sect. 4, we study the symmetries among these characters of 
HWM in the discrete series with a fixed central element. With the elliptic and modular properties, 
the characters constitute an irreducible representation of a central extension of some Jacobi- group, 
which composes of a finite Heisenberg group and a certain modular group. We consider this part as 
one of the most delicate aspects of this paper. For this reason we describe, as precisely as possible, 
the procedure of constructing the irreducible decomposition of Heisenberg group with a certain 
explicit basis, by which a matrix realization of modular transformations is given and the modular 
action on the irreducible Heisenberg-submodules is clearly shown. The detailed description will be 
stated in Theorem 2 of the paper. Finally, as it is known ( cf., for instance ||l^ and references 
therein, ) that superconformal algebras have a certain geometrical superspace realization in which 
generators are presented as super- vector fields (i.e., derivations) of super-spacetime. A such kind 
of geometrization for the usual Virasoro algebra has been a well-known process, by which the 
symmetry content of the algebra is better revealed. Hence in the last section as an appendix, we in 
particular recall and describe a detailed account of a geometrical realization of the N=2 conformal 
algebra as 1-dimensional vector fields with 2 supersymmetric extensions. This geometrical setting 
might offer a means of realizing the superconformal symmetry, which has been the focus of the 
present work. 

Convention . In this paper, M, (D will denote the field of real, complex numbers respectively, 
and H the upper half plane {r G (D | Imr > 0}; IR* = IR - {0}, (D* = (D - {0}. By a representation 
of a group G on a (complex) vector space V, we shall always mean a linear right-action of G on V, 

R:VxG-^V, {v,g)^vg:=R{v,g) . 

A /^-eigenvector with the eigen-character p is an element v ^ V satisfying the relation: 

V- g = p{g)v , \/g e G . 

2 Elliptic and Modular Functional Properties 

Denote 0{(£ x H) the vector space of holomorphic functions of (C x H. In this section, we shall 
give a brief review on some basic elliptic and modular functional properties of (D x H, which will be 
needed for our later discussions. Here the ellipticity and modularity we refer to are the following 
standard actions of IR , SL2{TR) on (D x IH respectively, 

1R2 X (C X H) — > (D X H , {v, {z, r)) ^ {z + vit + V2,t), v = 
5L2(IR) X (C X H) ^ (D X H, (M, (z,r)) ^ (j^, ^^) , M 

For the convenience of notations, in this section the letters, ^1,^25 will always denote the coordinates 
of a vector v in IR ; A,B,C,D are the entries of a matrix M of 5L2(IR). Denote IR * S'L2(IR) 
the semi-product of IR^ and 5-L2(IR) where the conjugation of M G 5*^2 (IR) on u G IR^ is given by 
M~^ ■ V ■ M = vM (the matrix product). The above expressions give rise to a geometrical action 
of IR^ * 5'L2(IR) on (D X H. One would like to hft this geometrical action to one on ©((C x H). The 
elliptic part is as follows. Let (M , <, >) be the skew-symmetric form, < v,v' >:= ^1^2 — V2v[ for 
v,v' G R^^ and denote (D^ = {a G (D | |a| = 1}. For d G IR*, (E((i) = (D^ x M^ jg ^^e Heisenberg 
group (of index d) with the group law, 

(a, v) ■ {a',v') = (aa'e-2'^'^^^^2^1 ,v + v') , for a, a' G C^ , v, v' eTR"^ . 




We shall regard (Di,lR^ as the subsets of (E,{d) by the following identificatioii of elements, 

(Ci 9 a := (a, 0) G (E(d) , U^ B v:= (1, v) € (G{d) . 

Then (E(d) is generated by elements of H with the relations, 

w' = e^^''^^<^''''>v' ■ V = e"2'^-^^^2< [v + v') G G{d) , for v, v' eTR\ 

As a character of (E((i) is always trivial on its center, the character-group of (E(d) is parametrized 
by the additive group IR , of which an element r corresponds the character p'" of (E(d) with p^{v) := 
e'^'i'^v-^<^>'^> for V G R^ C (G{d). We shall denote A{d) the subgroup of (Er{d) generated by integral 
elements in IR . When d is an integer, A{d) is the abelian lattice group 7Zi , which will be denoted 
by A in what follows. Associated to an element r of the upper half-plane H, there is a (E((i)- 
representation T{t; d) on the space of entire functions of (D, 

r(= Tir; d)) : 0((D) x G{d) -^ 0((D) , (<^, (a, v)) ^ (^| V^) := ai^\%) , 

where {f\%)iz) := e<^'^v^^(^i^+2^i(^+^2))^(-^ + y^^- + y^) for ?; G R^z G (D. In particular, the 
following relations hold, 

Ti.uv2) = V,o)'^(o,..) , imv,,o)){z) = e'^-v^K-+2.i.)^(^ ^ ^^^) ^ (¥'|T(o,,,))(z) = (^(z + v^) . 

For r G IR , the multiplication of the character p"^ on T gives rise to a (E(d)-representation T'"(= 
r{T;d)) onO((D), 

By TrTJ = TjfTr, T*" is equivalent to T via the intertwining operator 7^. For d G ]R*,r G IR and 
G ©((C X H), we shah denote 

<i>\r{= <p\r{d)) := 0(*, T)|r'-(T; d) g o((d x h) . (i) 

The usual theta function theory is referred to the case d = 1. Recall the theta function 'd{z,T) is 
an element in ©((D x H) with the infinite product representation 

oo 

^(Z,r) = n(l + 2g""^COs2^Z + g2n-l)(^_^n) ^ ^ ^ g2^v^r ^ Im(r) > , 

n=l 

while the theta function with characteristics r = (a, 6) G IR is defined by Fl 

r (z, r) := e-v^('^'-+2'^(^+^))^(2 + aT + h, r), (z, r) G (C x H . 

For a fixed r, T?(z,r) ( or ■i?^'(z,r) ) is the only A-invariant entire function on (D, up to a constant 
multiple, for the action T(l) ( T''(l) resp.) . In fact, one has the following expression of the theta 
functions, 



^Here we write the theta function I?'"''') instead of i9[ , 1 in usual literature. 





where 1 is the constant function with value one. Associated to a theta function, one has the theta 
form, 

riiry r]{T) 

where ?7(r) (= g^'^"^ n$^i(l ~ ?")) is the Dedekind eta function. The following relation holds, 



0(^'^) = ^^^ ' ©'■(^'^) = ^4^ e 0((D X H) , 



q(^'^\z,t) = e^'^^^'^^^+^'^'^^+^'^'^Qiz + ar + b,T), (z,r) G(DxH . 

Corresponding to Jacobi theta function 191(2, r) (:= t?''2'2^(z,r)), we have the Jacobi-forni 

Gi(z,r) :=e(i5)(z,r) . 

It is known that the asymptotic expansion of 0i(z,r) near z = is given by 

ei{z,T) = 27rz + 0{z^) as z — >0. 

We have the quasi-periodicity and zero relations for Q^°''^'{z,t), 

@i'^,b)[z + l,T) =e2™e('^''')(z,r), G('^''')(z + r,r) = e-^v/^(^+2(^+b))e("''')(z,r), 
e('*'^)(z,r) =0 ^^ z= (i-a)T + (i-6) (mod. Kr + K) . 



(3) 



One has 

Q{a+l,b) (^^ ^) ^ 0{a,fe) (^^ ^) ^ e{a,fe+l) (^^ ^) ^ g2^v^a0(a,b) (^^^ ^) ^ 

eM) (_^^ r) = e2^v^"e(^-'^'i-^) {z, t) , (4) 

0{a+a',6+fe')(2^r) = e''^'^^("^^+2a{^+6+6'))e(a',fe')(^ + ar + 5,r) . 

By lifting of the geometrical modular action, we have a 5L2(lR)-i'epresentation on 0((D x H) for 
each pair {w,d) with w S ^TZ^d G IR*, 

T(= T(?i;, d)) : 0((D x H) x SL2(IR) — > ©((D x H) , ((/., M) ^ (/)|Tm , 

The relation of the elliptic and modular actions on 0((C x H) is given by the following lemma. 

Lemma 1. For {w,d) ^ \7L x M*, we denote r = r{d),T = T{w,d). Then the following 
relation holds for M e SL2{M.), v, v' e R^ with v = v'M, and for (j) e 0{(E x H): 

Proof. By the definition of T*", one needs only to consider the case r = 0. Note that vi = 
v'lA + V2C, V2 = v'lB + V2D. By computation, one has the following relations: 

, — --Cz^+2v' z+{v'^A+2v', v'C)t+v'^B+2v'. v'd 

{CT + Dy-mT.')\TM){z,T) = e"-^' cTTu ^(£+HZ^, A^) , 

; ,-Cz'^ + 2viz + lv'^ A+2v'vLC)T+vi^B+2vivLD ,„ . , , „ ,o„„s 

{CT + Drm'^M)\%){z,T) = e'^-v^( ' ' CrlS ' L^+.-AB+2<.^BC+.-CD) 

A.( Z+V1T+V2 At+B \ 

^^ Ct+D ' Ct+D) ■ 

By t;it;2 - ^'1^2 = ^f ^-B + 2v'iv'2BC + v'2CD, the result follows immediately. □ 

The conclusion of the above lemma has indicated that one can not lift the geometric action of 
]R^ * 5L2(]R) of (D X H directly to one of ©((D x H). However, the formulas (|l|),(|5l) do give rise to a 



module structure of 0{(E x H) for the semi-product <K{d) * SL2{M) of (E(d) and SL2OR). Here in 
the group €(d) * SL2OR), the conjugate relation of M E SL2OR) on w e IR^ C (E((i) is defined by 

where v' = (^1,^2) is the (matrix-product) element vM~^. Note that (E((i) * SL2(R) is a central 
extension of IR * S'L2(IR) with its center contained in (E((i). Hence we have obtained the following 
result: 

Proposition 1. The relations (Q), (||) give rise to the representation of ©(d) * SL2(R) on ©((DxH) 
jd,r,w . 0^(p X H) X {(K{d) * 5L2(]R)) — > 0((D X H). (7) 

D 

For the rest of this section, we shall only consider the case d G 7Z, in which situation one will 
see that the representation (0) does descend to a certain arithmetic subgroup of IR^ * SL2{R). 
Denote T the full modular group, T = SL2{7L). The subgroup T^ := A * T of IR^ * SL2OR) is 
called the Jacobi group. In general, the Jacobi group associated to a subgroup T' of F is defined 
by F := A' * F. It is easy to see that the following elements generates F , 

u=(l,0), v=(0,l) e7i\ T=(l M, S=f°^ MgF. 

In fact, F is characterized as the group generated by four elements u,v, T, S, with the relations, 

uv = vu , S^ = 1 , S^T = TS2 , 

T-iuT = u + v, T-ivT = v, S"iuS = v, S'^vS = u'^ . 

One can easily see that a character A of F'^ is always trivial on the subgroup A, hence determined 
by the values of A(T),A(S). Besides the full modular group F, the modular groups we shall also 
concern in this paper are the following one for g = (gi, ^2) SQ^, 

Tg := {M £ T \ qM - q e A} {= {M £ T \ e2^v^<''*^-^'9> = l V v G A}) . 

Note that Fg depends only on the class of g inQ /A. The modular group F/i i-, is generated by S 



, T^, which was denoted by Fg in |18]. 



Proposition 2. Associated to an element r of Q , we denote q = (g, 2) ~ ''"■ Then the following 
relation holds for d, 2w £ 7Z,v £ A and M G Fg, 

i<P\TMiw,d))\T:Mid) = i^\T:{d))\TM{w,d) , <A G 0((C X H) . 



Proof. Since the sign (— l)(™+i)("-+i) in unchanged under the action of F for {m,n) £ A, the above 
equality holds when r = {■^, ■^). Then it follows the result for an arbitrary r by the definition of Tq. 



a 



Remark. Applying the same argument in the proof of the above proposition to the representation 
(0) for d gQ, one obtains a A{d) * F^-module structure of 0{(S x H). □ 



For simplicity, we shall write (j)\v,(j)\M instead of 4>\T^{d)^(j)\T Miw^d) in the case d € K if no 
confusion could arise. By Proposition 2, one obtains an F'^'^-representation on 0((D x H), called 
the weight w and index 2 representation of F ■? , 

0((D X H) X F^ — > 0((D X H) , (</>, *) ^ </.|* , 

{(l)\v){z, r) = e'^'^v^^(™'^+2™^+2™fc-2"»)</,(z + jrir + n, r) , w = (m, n) G A , (§) 

(,/.|M)(z, r) = (Cr + D)-e""^^''^' </,(^^, ^l±§) , M G F„ 



where g = (^ — a, ^ — 6). In particular, for a = 6 = ^ (or i), this is the usual weight w and index 
^ F -representation of which the invariant function (f){z,T) is called a (F -)Jacobi form of weight w 
and index 2, i-e., the function (p{z,T) satisfies the following elliptic and modular properties 0]: 

(j){z + mr + n, r) = e-'>''^v^(™'^+2"^^-'"+")</,(z, r) , (m, n) G A , 
, ^l±§) = (Cr + Z^^e c.+n (I){z,t) , MgF. 



Denote ©((D x IH)^^^ the space of all Jacobi forms with weight w and index t. Then with the 
canonical grading, the Jacobi forms form a graded algebras, 0^ teiS ^i^ ^ ^)w,l- An important 
example of Jacobi form is the Jacobi-theta form @i[z,t) defined in (|2|), in fact, we have 

ei(z,r)GO((DxH)_ii , (9) 

a conclusion followed by the facts that ?7(r) is a weight ^ F-modular eigenform for the eigencharacter 
(T, and t^i^Zjt) is a Jacobi eigenform of weight 2 and index ^ with the eigencharacter o"^, where a 

is the character of F defined by cr(T) = e 12 , cr(S) = e 4 . 

Remark. The discussion of this section on the Jacobi-form theory can be naturally extended to 

meromorphic forms on (D x H. 

3 N=2 Superconformal Algebra 

In this section, we shall derive the theta-form expression of characters of N=2 superconformal 
algebra representations. First we recall the some well-known facts on the algebra. 

Definition. The N=2 superconformal algebra, denoted by SCA, consists of the stress tensor 
-L(C), two super-currents G^(C) and a C/(l)-current J{C)^ 

L(c)=EL„r"'2^ G±(c)= E GpC-K Jio=Y. JnC"~' ^ 

where the coefficients, L^, Jn, Gp, form a super-Lie algebra with a central element c : 

[^mj Gp J = (^ P)^rn+p 1 [Jni: Gp \ = ±G^_(_p , 

{G+, G+} = {Gp,G-} = 0, {G+,G-} = 2Lp+g + {p - q)Jp+, + f (p^ - \)5p+,^Q , 

We shall not distinguish the central element c with its eigenvalues. For convenience, we shall use 
the bold letter c to denote one-third of the central element, 

c 
c := - . 
3 



There exists the K-symmetry of the algebra SCA, called the spectral flow, which is generated by 
the automorphism, 

In the topological field theory, it is more convenient to consider another set of generators of SCA 
associated to a real parameter ^ < a < 2 by the following twisting currents: 



with the coefficients 

CO, 

Ln = Ln + a{n + 1) J„ + ——6nfl , Jn = Jn + Ca5nfl , Gp = Gp^g^ , Qp = Gp_^^ , 
satisfying the relations, 

i-^m' '^n\ ~ ~''^'^m+n + ^'^ Om+n,0) 

rra ^g] _ / (l+2a)m -.^g r^a n"! — |^ (l-2a)m \na 

[■^niJ^pl ~ \ 2 yj^m+p' [■^rm^pi ~ \ 2 yj^m+pi 

[Jfni ^p\ ^m+pi V'^mi VpJ ^m+pi V^pi ^qS V^pi ^qS "' 

{G^, Q»} = 2L-+, + ((1 - 2a)p - (1 + 2a)(7) J-+, + 2i^I^6p+,,o • 

One has the decomposition, SCA = SCA-|_ © SCAq © SCA_, where 

SCAo= <c,Lo,Jo> = <c,L^,Jg> , 

SCA+ = < Lm,Jm,Gf \ m> 0,p>0> = < L^, J^, G^, Q^ | m > 0,p > > , 

SCA_ = <L^,J^,G^\m<0,p<0> = < L^,J^,G^,Q^\ m < 0,p < > . 

A highest weight module (HWM) is a SCA-module generated by a highest vector, i.e., an eigenvector 
of SCAq and annihilated by SCA+. The letters H, Q will denote the Lq, Jo-eigenvalues of the highest 
vector respectively; similarly the letters H"',Q"' for Lg, Jg -eigenvalues. Then iJ" = H + aQ + 



^^, Q"" = Q + ac. The character of a HWM is the following Laurent series. 



NS(z, r) = Tr(g^o-f y-^o) , y := e^'^'^^^q := e^^^^^ . 
The twisted character with characteristic (a, b) for ^ < a, 6 < 2 is defined by 

Ch("'^)(z,r) = TV(g^S-f (e^^^^^'y)-^-? ) = e^^^^('^'^+M^+^))NS(z + ar + b,T) (10) 

By 

4-"= Lg + (1 - 2a)Jo" + ^i^l^, Joi-"= Jo" + (l-2a)c; 
1 ^ ^ 1 ^ 

-^0 = -^0 + "^0 + 2' "^ = <^o + ^^5 

one obtains the following relations of twisted characters, 

Ch(i-'^''')(z,r) = e^-^^((i-2«)'-+2(i-2a)(^+6))cj^(a,6)(^^ (^ _ 2a)T,r), 

Ch("'^-'')(z + (l-26),r) = Ch("''')(z,r) , (11) 

Ch(i*)(z,r) =e^^v^(^+2(^+^)Ch(^'^)(z + T,r) , Ch('^'5)(z, r) = Ch("'^)(z + l,r) . 



We shall denote^ 

R{z,t) = Ch(3'5)(^,r) , R(z,r) = Ch(^'^)(z,r) . 

For < c < 1, all the unitary irreducible HWM of SCA are labelled by three integers k^m^l with 
the relations, |7Ti| < / < A; , I = m (mod 2), where c,H,Q are given by 



c 



1^+21-171"^ 



H{- Hi^rn) - Mk+'S ' Qi- Qkm) - ^- (12) 



fc+2 ' ^^\~ ^^l,mj — 4(fc+2) 



The character of the corresponding HWM will be denoted by ChJ'^ (z, r). A HWM is called chiral 

(resp. antichiral) if Hi^^ = -^^^ ( resp. — i^ ), characterized by the highest vector annihilated by 
Gti (resp. GZi ) . For the rest of this paper, associated to a positive integer k we shall use the 

bold letter k to denote the number /c + 2, 

k:= A; + 2 . 

To a pair of integers l,m with / = m (mod 2), we shall always use the letters i,j to denote the 
following half-integers : 

. l-m+l . -{l + m+l) 1 ^ 

2 ' -^ 2 2 

With a fixed central element c = ^^, the unitary irreducible HWMs are indexed by the following 
equivalent data, 

{l,m) eTL'^ , \m\<l <k , l = m (mod 2) <s=^ (i, j) G (i + Z;)^ , < i, -j,i - j < k , 

hence the chirality is given by 

chiral HWM : m = l, <s=^ '^ = \ ■, 

antichiral HWM : m = —I, <^=^ ^ ~ ~T ■ 



Then (O) becomes 



TT _ ~4ij~l rra _ V+2l~{m.~2aY , a^ _ -4(i+a)(j+a)-l ^ 

-"~4k'-"~ 4k ~^ 2 ~ 4k """2' 

Q ^ -(»+j) r)« = "^+°('<^-2) ^ -(i+i)+a(k-2) 

V k ' ^ k k 



(13) 



For the rest of this section, we are going to derive the theta-form expression of the character of the 
above HWM and discuss the functional properties among these characters. First let us recall the 
Laurent series expression ^ of NS/^m(-2; ''")) 

where 

''The letters, NS, R, indicate the Neveu-Schwarz or Ramond sectors. 

* Here we adhere to papers |H, Lq, O] for the mostly suitable format to our treatment. 



Theorem 1. The characters NSi^rn{z,T),Chi^ {z,t) are elements in 0{(E x H) with the fohowing 
theta-forni representation: 



lSSSl^rniz,T) 



e(^+E''')(2,kT)e'^+E'0)(z,kT) 






(14) 



Proof. By the infinite product formula of t?(z,r), the factors ip{z,T),^i^m{z,T) in the formula of 
NS(z, r) have the following expressions: 

@{z + (^ + ^)kr, kr)0(z + (| + i)kr, kr) 
il), we have 



By(|n 

ll,m{z,T) 



-^+^y-Oe-v^(^+^)G(5-^'^)(0,kr) _ g-^+^ 



e-v^(^-^)e(H^4)(0,kr) 



e(^+E.o)(^,kT)e(5+^.o)(z,kr) 



e(5+E'0)(z,kr)e(5+^'0)(^,kT) 



Hence we obtain the expression of NSj_m(z,r). By the last relation of (Q), it follows the expression 
of 0^*^(2, r). The zeros of the denominator in the expression of Chj^""^ [z, r) are given by 

z=-{i + a)T^ b, -{j + a)T-\ b (mod. ZZkr + K) . 

By < i — j < k, there is no common solution for the above two equations. Hence the poles of 
ChJ'^ (2, r) are all simple; so are the zeros of 0('^''')(z, r) in the numerator of the expression. Then 

one can easily see that Ch^ ^\z,t) G 0{<E x H). □ 



By the last relation of (^) for (a, 6) = ±(2,2)) the Ramon characters are expressed by 



^l,miz,T) 
^l,m{z,T) 

By (^ (11), and the relations 



~q''+^(-yf+^ei{(i-j)TM)ei{z,T) 

ei(z+(i+i)r,kr)ei(2+(i + i)T,kr) ' 

"V^g^-f (e-'r^^^)'5-^ei((»-j)r,kr)ei(^,r) 

ei(z+(i-i)T,kT)ei(z+(j-i)T,kr) 



(15) 



1 11 

l<i + -<A; + l,-/c<7' + -<0, 0<i- - < k 



-{k + l)<j--<-l, 



one obtains the following relations of Ramon characters, which was used in the study of topological 



elliptic genus [y, |18| 
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Corollary 1^ 

Rl-miz,T) =Ri^rni-Z,T) , R; .^(z, r) = Ri,m(-2;, r), 

Rz,m(-^, r) = e--v^(--2.+i)j^^^_^(^ - r - 1, r) , R,,„(-z, r) = e'=-^^(-+2-+i)Rz,_„(z + r + 1, r) , 
R/,_„(z, r) = e---^(-+2-+i)R,,^(-z - r - 1, r) , R,,_™(z, r) = e---^(--2-+i)Rz,^(-z + r + 1, r) , 

(_l)Qi,m+2 if rn = —I, i.e. antichiral , 

otherwise, 

f—l)^Ql,m- 





R/,m(0,r) 



2 if ?7z = /, i.e. chiral, 
otherwise . 



D 



For characters of other sectors, by (y) (Q) and Theorem 1, one has the following result. 
Corollary 2. The following relations hold for characters of HWMs for a fixed central element c: 



'^^«'-Ch,r(-,r) 



{a,6), 



-2cTT^/^ar<'u{a,b) 



Ch;;i)(.+l,r) , Chi'^U^,r) = e^-v-T(.+2(.+.))ch(a,.)(^^^^^) 



D 



For the qualitative study of characters, it is more convenient to extend the domain of (/,m) to the 
following larger one: 

Cc :={{l,m) GZ;2|0<Z<k-2, I = m (mod 2)} {^^{{i,j) e ( + S)^ | < i - j < k} ) . 



For {l,m) G Cc, one defines Hi^rn-, Qi,m, Chi^' {z, t) etc. by the same expressions in (12) (13), ( [T^ ) 
([l5|). The chirality now becomes. 



chiral <^=^ e 
Define the automorphism of C 






1 , antichiral 



^2n,/^iH, 



{l,m)- 



'(l,m) . 



r:£c^/:c, (/,m)^(k-2-Z,m + k) (^^ (i,i) ^ (i,i) - (0,k) ). 
Denote ;Sc be the space of < r >-orbits , Vc the Hilbert space with Be as an orthonormal basis, 

Bc = Cc/ <r> , Vc = ©AeBc(EA . 
A fundamental region for Be consists of those {l,m) with \m\ < I, i.e., the index set of HWM. 



In the paper ||lq|, the signs in the formula of Rx on pp. 373 were inaccurate in order to keep the statement of 
-e to be va 
Then Lemma 4 in jlql holds for Rx of this present paper, instead of -Ra- 



Proposition 4 there to be valid. The correct one should be Rx(z,t) = NSx{z — ^ — ^,r)exp( '' „ tv\/~-1{j — 2 + 1/2)). 
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Note that the characters and chirahty thus defined are invariant under the automorphism r, i.e., 
depending only on the class of (/, m) in Be, which will be denoted by [/, m]. We denote 

Chi'^-') {z, r) := ChJ':;') (z, r) for A = [/, m] G fie , 

similar for NSa(-z, r), Ra(2, t), Ra(-z, t). We introduce the following automophisms of Cc, 



fo : (/, m) h^ {l,m — 2) {< 
no : {l,m) h^ (l, —m) {< 



ihj) ^ {-J,-i) ) • 



By fo^ = rfojUor = r ^ng, the maps fo,no induce the one-one correspondences of Be, hence the 
linear automorphisms f , n of the vector space Vc with the order k, 2 respectively, 



f :Vc 
n:Vc 



Vc, 

Vc, 



[l,m] £Bc 
\l,m] G Be 



[l,m-2] £ Be 
[I, -m] £ Be . 



(16) 



The linear transformations f, n are called the spectral flow, the charge conjugation of Vc respectively. 
By Corollary 1 of Theorem 1, one has the following relations of Ramon characters: 



Rn(A)(^,T) =Rx{-Z,t), 

Rx{-z,r) = e--^^(--2-+i)R„(A)(z 



R 



n(A) 



Z,T) 



Rn(\){z,T) =Rx{-Z,t), 

r - 1, r), Ra(-^, r) = e^^^^+^'+^'^R.^x) {z + t + 1,t) 

n{A)( 



5^"^^("+2^+^)RA(-^-r-l,r), Rn(A)(^,r) =e^"^^("-2^+i)RA(-z + r + l,r) 



(17) 
By Corollary 2 of Theorem 1, we have the following relations of Ch^"'"''(z, r) for A G Be, by which 
the elliptic property of characters will be discussed in the next section, 



{a,b). 



„C7rv' — 1 



(r+2(.+6))ci^Kb)(^ + ^^^) 



Ch;^^)(z,r) 



-2cn\/—la( 



Ch[^^'\z + l,r) 



=27rV- 



(18) 



TQ.Ch^^)(z,r), 
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in particular, for the Neveu-Schwarz and Ramon characters one has 

e^"^^("+2^)NSA(^ + T,r) = NSf(A)(z,r) , NSx{z + 1,t) = e^^^^'^^NSxiz^r) 



gC.V^(r+2.+i)j^^(^^^^^) = Rf(A)(^,r), e--^^^Rx{z + l,T) = e2-v^QAR^(z,r) , (19) 
'""^^("+2"-'^RA(^ + r,r) =Rf(A)(z,r) , e'^^^/^Rxiz + 1,t) = e^^^^Q^Rx(z,r) . 



e 



4 Ellipticity and Modularity of Superconformal Algebra Repre- 
sentations 

In this section, we are going to discuss the symmetry properties among the unitary irreducible 
HWMs with a fixed central element c = — ^ for SCA-modules. First we describe some notions 
which will facilitate the later presentation significantly. For a positive integer A^, a vector v in (D 
will be identified with a sequence of complex numbers, (^m)„g^; with Vm = Vm+N- The standard 
basis of (D are denoted by |n >,n G K with \n >= Im > ii n = m (mod N). Denote VtvjUat 
and U^ (C G (D* ) as the linear automorphisms of (D defined by 

VAr|n >= w"|n > , UAr|n >= |n + 1 > , 

uCu>=/ C|n + 1> ifn^O (modiV), 
^ I |n + 1 > otherwise. 

Here w is a primitive iV-th root of unity, which we will specify later. 

For a given r = (a, 6), with the identification of the basis element A of Vc and the character 
Chj^*^' {z,t), the relation (^) gives rise to a A(c)-representation on Vc which describes the elliptic 
properties of the HWMs. This A(c)-representation is trivial on the subgroup kA of A(c) which is 
generated by (k, 0) and (0, k), hence it descends to a representation of the finite quotient group, 
A(cy := A(c)/kA, 



Vc X A(c) -^ Vc . (20) 

For easier description of the above representation, we define a pair of integers A*", M associated to 
the central element c = ^-, 



(iV,M)(=(iV(c),M(c)) = <| )l ''"' 



(k, ^) for odd k, 
^, k — 1) for even k. 



Denote P = (1,0), Q = (0,1), the generators of A(c), and they satisfy the Weyl commutation 
relation: 

PQ = cj-iQP , w := e~2^^^^ = e^^ (21) 

Note that u; is a primitive A^-th root of unity. It is known that the irreducible unitary representations 
of A(c) are parametrized by elements (Ci, C2) in the (real) 2-torus (DJ x (D^, where (Ci, C2) represents 

the AT-dimensional A(c)-module (C(^^,f2) with Q h^ Cf VAr,P ^ Ci^'^N- Note that (C^^^^^^) is 

i . 

equivalent to the representation with Q 1-^ ({^ Vat , P 1-^ \J ^ . 



Lemma 2. The A(c)-module Vc is the following direct sum of M irreducible representations. 



MCJ^i) for odd k, 

e,,,,=±i M,,,,(D;^_,,) for even k. 



_ I ---(1,1) 
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where the multiphcities M^ ^z for even k are defined by 



M,,,, = ^ except Mi,i = ^ , for f = 1 (mod 2) , 

k ' " " 

4 



M,,,/ = I except M_i _i = ^ , for | = (mod 2) . 



Proof. The f-action (|lq ) on the basis Be of Vc gives rise to the < f >-orbit decomposition, 



[^] 



I3c= \J fie,. , fie,. := {[l,m] gBc\1 = i^} . 

iy=0 



Define Vc,u = ©AeBc,,^^^- ^s A(c)-modules, Vc is the direct sum of Vc,uS, each of which is k 

k 

2- 

•'(1,1) 



dimensional except dim.V^ k^ = -g • For odd k, by (|l8|) the A(c)-representation Vc,i/ is irreducible, 

and equivalent to (Cq ^-, for all v. For even k, the irreducible decomposition of the A(c)-module 
Vc,u is given by 



Vc. 



' ^a,i) + ^a,-i)' ifO<i/<^,i/ = (mod 2) 

,1) +^(-1,- 

) ' 
(DJ^i^_i) , if z^ = i^ , I = (mod 2). 



(1,: , , , , 

<C^^ii)+(CfLi_i), ifO<i/<^,i/=l (mod 2), 



1-1,1) 
(Df[i), if ^=1-2 , 1^1 (mod 2), 

k-2 k 



:r' 



Then the result follows immediately. □ 

For the matrix realization of elliptic and modular transformations, we shall make the identification 
of vector spaces, (D (8> (D = Vc, through a canonical correspondence of the basis elements. For 
odd k, the identification is made by the following relations for < z^ < Af , n £ 7Z, 

{\u, —2n\ for even u, ,„„, 

V 9 1 f AA 22 

[v, k — Zn\ tor odd ly. 

For even k, with (£^^ = ®e,e'=±i^^^'^' and the standard base of (L^^'^' denoted by {v >e,e' for 
< i^ < M^^fj, the identification of (D*^ (^ (C^ and Vc is given by 



W>i,i0\n> = i([2i/, -2n] + [2zy, -2n-k]), for < z^ < Mi,i, 

|i/ >i^_i «)|n > = i([2i/,-2n] - [2i/,-2n-k]), for < z^ < M_'i,i, 

|i/>_i,i®|n> = |([2i/ + l,l-2n] + [2z^ + l,l-2n-k]), for < z>< M_i,i, 

\iy>-i-i0\n> = i([2i/ + l,l -2n] - [2z^ + l,l-2n-k]), for < z>< M_i _i. 



(23) 



Note that by {^^,m) = {^^,m + k), one has the following identities, 

\i' >i,i ®|n > = [2u, -2n], for u = Mi^i - 1 | = 1 (mod 2), 

|z^>_i,i®|n> = [2z^ + l,l-2n], for z^ = M_i,i - l| = (mod 2) 

As an example, the identification (^ ) for k = 4 is given by 

|0>i,i 0|O>= i[0,0] + [0,-4], |0>i,i (E)\l >=i([0,-2] + [0,-6]), 

|0 >i,_i C3|0 >= i([0, 0] - [0, -4]), |0 >i,_i ®\l >= i([0, -2] - [0, -6]), 
|0 >_i,i 0|O >= [1, 1], |0 >_i,i ®|1 >= [1, -1]. 

By ([l8|), one obtains the following results. 
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Proposition 3. With the identification (|2|), (|2|) of Vc = (C^'^ (D^^, the A(c)-representation (|2 
on characters Chj^*' {z,t) has the fohowing matrix form: 

(i) For odd k, Q ^^ Id V]^^ ^^'-^ M (» Utv. 

(ii) For even k, one has the A(c)-decomposition (D^''' (C^ = ©£,e'=±i((C*'^'=''' «) (C^) with the 
matrix expressions on (D •=■'=' (8) (C given by 

on (D^^i>^' (C^ : Q ^ Id ® V^^^ , P ^ Id © U^ , 

on (C^-i>^' (D^ : Q^whd^V^^ P^Id^U^, 

where e' = ±1. □ 

For the discussion of the modular properties of the characters Ch]^"' (z,r), the modular group is 
Tq with q = {^ — a,^ — b). Its description is given by @ with d = c,w = while restricting on Fg. 

Together with the elliptic action (20), the relations among characters Ch^^"' {z,t)s give rise to a 



finite dimensional representation of a group A(c) * F^ through ^ iov r = {a,b),d = c,w = 0. Here 

T 

the group A(c) * Fg, is defined by the following exact sequence using the Fg-conjugation invariance 
property of the subgroup kA of A(c), 



— > kA * Fg — > A(c) * Fg — > A(c) * Fg — >0 . 
In particular, F„ is the full modular group F for the Ramon characters R^ or R;^; F/i i-, for the 

^ 1^2 '2-' 

Neveu-Schwarz characters NSa- In this paper, we shall only consider these two special cases, partly 
due to the easy description of generators of these modular groups , but also its sufficiency for the 
future study on topological applications of manifolds. We denote 

'1 1^ 






F)Yi,(c):=A(c)*F^i 1. , fW(c):=A(c) ~^*^'F . 
We now describe the T, S-transforms on Ramon and Neveu-Schwarz characters. 
Proposition 4. The following relations hold: 

NSA(z,r + 2) = e^'^^^(^^-t)NSA(z,r) , e"^^^NSA(^, ^) = Ea'gb. Sf NSv(^,r) , 

R,(z,r + l) = e'-^^(^^^^)R,{z,r) , e-^^^RA(^, ^) = e^^v-T^.+f) ^^,^^^ Sf RA,(.,r) , 

RA(.,r + l) = e2-v^(^-%)RA(.,r) , e^^"^RA(^, ^) = e^-v-T(-Q,+f) ^^,^^^ Sf RA.(.,r) , 

where the coefficients S^, A = [/,r?T,], A' = [/',m'], are defined by 

Sy := v sm -^^ r^ -e k = - sm -^ ^4^^ ^—e k . 

^ k k k k 

Proof. The T-relation of Ra, Ra follows from (||) (||). By (jl^) for (a, b) = (i, i) and the T-relation 
of Ramon characters, one obtains the T^-relation of NSa. The S-transform of NSa was known in 
literature ,( e.g., formula (28a) of |l^), which we adopt here. Then, by (p!o|), we have the relation, 

zS2IyEI^„ {a,b). Z 1 s _ 2afec7rv^^ V^ qX' n\,(-^'"-') I 



-C^(a,>,)^^^^^^^2abcnV-l ^ SJJ Ch™^ (z, r) . 



-T — T 

A'efic 
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Setting (a, 6) = (^,^) or (-2^,^) in the above equality, one obtains the expression of the S- 
transform of Ramon characters by ( [Tl| ) ([I^). □ 

With the identification of the basis element A of Vc with the character NS^ or R;!^,R;^, by (|2C 
by using Proposition 4 and the remark of Proposition 2, there exists a canonical Jacobi-group 
representation on Vc for the Neveu-Schwarz or Ramon sector, 

Hns : Vc X rJY i^(c) -^ Vc , Hr, ng : Vc X rW(c) -^ Vc . 



With Vc = (D (8'(D through p^) (p^, the matrix presentation of the above actions on the part A(c) 



is described by Proposition 3. As any modular transformation sends a A(c)-irreducible subspace 
onto another one, we shall be able to obtain a matrix form of a modular transformation as a tensor 
product of one from the (C -factor, {a,^^'),^y, and another one from the (C -factor, {[3nn')n,n' ■ By 
Proposition 4, T-transformation is a diagonal matrix; while the S-transform of a vector will be a 
linear combination of all the basis elements. The explicit forms are given in the following theorem, 
where the matrix indices v,v' ,n^n' are non-negative integers less than the dimensions of vector 
spaces involved in the expression,. 

Theorem 2. For nNS)nR,n~-representations, the matrix forms of the modular transformations 
are as follows: 

(i) For odd k, with Vc = C*^ ® (D^ by (H), we have 

-V^((-l) 2 e k 6yy) ® {uj-'' 6n,n') , 

2(sinOl±l)^:±iK)C3(^~™'), 

(-l)*^-! {v + \)^TT^^l -(2n + l)2 

((-1) 4 e 2k 5i,y) (^{lo 8 5n,n') , 

((-!_) 4 e 2k ,^^^j,,)^(a; s (5„,„0 ; 



Hns 


: T2 




s 


Hr 


: T 




S 


n]^ 


: T 




S 


e*(k-: 


2)7rV-l 



g.^ VfliiM^iii^) (W-"^'^'-^^-!) , 



k v""""" k 

where (—1) 

(ii) For even k, with Vc = ®e,e'=i,2^ ^'^' ® (C by (^), the linear transformations, T,S, are 
composed of the following ones on the Neveu-Schwarz, or Ramon sector: 

Hns , T2 : C^^^.^' (C^ — > (D^^^.^' «) (D^ , 

Hr, Hg , T : (E*^^.^' ® (D^ — > (D*^=.^" (D^ , 

Hns, Hr, Hg , S : (D^=^^' (D^ ^ C^^'.^ ® (D^ , 

k — 2 

where e,e' = ±1, and e" := (— l)~2~ee' . The matrix representation of the above linear transfor- 
mations is given by 

jr AT ^ Mr AT (4,i/ + :i-i)^-!r^/^T -(4n + l + e)-^ 

Hr, (D*^^.^' (D^ ^ (D^^.'" (D^ , ^ (e^ 8E 5^^^,) (to 32 ' 5n,n') , 



Hg, (D'^'^.^' (C^'' ^^ (C'^-'^.'" (D'\ ^ (e 8k 5^y) ® (w 32 J, 



n,n' I 1 



16 



and 



(CMi, 



(D 



N S 



(pA/i, 



(D 



N 



(D 



Ml 



(C 



TV s 



M_ 



(D 



M_ 



(D 



AT S 



(D 



(D^^i. 



(D 



AT 



(D 



Af 



(D 



M_ 



(C^ ^ (C^-^-i.-i 



(C 



N 



( A( t i\ ■ ■k{2v+1){2v' +1) ■. 

k(^i,i(i^)sm^ ^ i) 

J 4V^/ / /\ ■ 7r(2i/+l)(2!/'- 

\ l^(^i,i(^)sin^ ^^ 



(cj"" ) 



^/ n(n'-l)-i 



for IIns : 
3) for Hr , 



^K i(^0 sin -(2'-+iK2'-'+i) ) (^»('^'+i)-i) for Hg , 
|(^_i,i(.Osin -(^-+^f-'+^) ) (.."("'"i)) for Hns 

i(u;_i i(z.')sin^(Hf^±i^Hi^^) K("'-i)-i) for Hr , 



— (w_i,i(z^ ) sm-^^ ^ '-) ^ [uj ^ ^-ii 4j for Ilg- 



4(^.^ .(2.+2K2.'+l) ) ^ (^(n-i)n') fo^ HnS , 



v^(sin ^ 



it(2v+2){2u' +1) ^ 



— (sin 



it(2p+2){2u'+1) ^ 



(sin 



■k{2v+2){2v' +2) 



t) forHg, 



(cj 



(n— 2)"'+"- 



)(8) (w 



(n-i)(n'-i) 



for n 



NS 



^(Sin -(2^+2K2.'+2) ) ^ ^Jr.-\)(n'-\)-n+\^ fo^ nR 

l(^.^ .(2.+2)(2.'+2) ^ (a;("-i)("'-i)+"-|) for H: 



R 



Here the functions, wi^i{v'),w-i^i{v'), are defined by 



i \iv' = Mi,i - 1, 1 = 1 (mod 2), 
1 otherwise with < i^' < Mi^i , 

i if I/' = M_i,i - 1, 1 = (mod 2), 
1 otherwise with Q <u' < M_i i . 



Proof, (i) For odd k, we have k = A^ = 2M + 1. By Proposition 4 and (|12D, one has the foHowing 
expressions of the T-transformation on the Neveu-Schwarz or Ramon sector, 



n 



NS 



T'^(\v > ®|n>) 



-1(— 1) 2 e k L0~"' \v > ®\n > 



Hr 



n 



R 



(-l)'^-l (iy+l)^7ry^T -(2n + l)^ 
T(|l/ > (g)|n >) = (-1) 4 6 2k CJ 8 |l/ > (gl|n > , 

T(|z^ > (g)|n >) = (-1) 4 6 2k CO 8 |zy > (g)|n > , 



Then the results follow immediately. 

(ii) When k is even , we have k = 2N = M + 1, and ui^ = 1. One has the following identities 

for A = [/, m] , A' = [/, m — k] , 



„47rv^=T(H;,,) _ 47rv^=T{HA) ^27rv^=T(//v±%i) 



g— V -v.2;^/; _ g'i7.v-J-(,-nA; ^ g^"V-J-V-nA'=c-2~; = C_X) 



Ji^+m 27rv/=T(//A±%) 27rv^=TQv 



,27rv^=TQA 



By the first two equalities in the above and Proposition 4, one obtains the statement on T^ or T 
on the (D "' (X" (C for the Neveu-Schwarz, Ramon sector respectively. Furthermore, by 



347rv^^(_H'[2„,„2ri]-f ) 



-le" 



(2^+1)"^ 



UJ 



o47I"V^{-H'[2i^+l,l-2n]-f ) 



-l6 k W '^"' 2^ , 



l« 2^,-2n ± 2 ^ = P 21 



ry^T 



gSvrV l^..^^^,_^„j^ 2 ' = 6 2k (J 

27rv'-l(«[2^+l,l-2nl± 2 ) 



(2i/+2)^ 



-("±1/2)-' 
2 



1 + 1n2 



UJ 
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M,,, ^ /vN 



the expressions of T-transformation on the basis elements of (D "' ® (C are as follows, 



IIns : ^ iW >i,e' '^\n >) = -V^e k u; '"' \u >i,e' 0|f^ > , 

T^{\iy >-i,e' ^\n >) = -V^e k a;"^""2) |;/ >_i^^/ (g)|n > , 

■r^ rx./l IX (2^+l)27rx^T -(^+1/2)^ 

IIr : T(|z/ >i^e/ (gi|n >) = e 2k a; 2 |zy >]^^^„ (g)|n > , 

(2i/ + 2)2,rv/^T -n2 

T(|z/ >_i,e' <Xi|n >) = e 2k oj 2 |zy >_i^£// (g)\n > , 
Ilg : T(|z/ >i^£/ (gi|n >) = e 2k a; 2 |i/ >]^^^// (g)|n > , 

(21^+2)"^ TTs/^T -(n-l)2 

T(|z/ >-i,e' 0\n >) = e 2k a; 2 |zy >_i^£// (g)|n > . 

Hence we obtain the matrix expression of T^ for Hns! ^^^^ T for IIr, n~-action. For the S- 
transformation, we first consider the Neveu-Schwarz sector. By the definition of S^ , the following 
equalities hold: for even 1^, 



S([^, ~2n]) = ^ EevL';'=o «in ''^•'^T'^'^ U'lo '^""'(K> -2n'] + [u', -2n' - k]) 



+^m^^El.:i^"("'-^)[^,^(k) - 2n'] 



k-2" 



S([z., -2n - k]) = ^ Eev^„";=o sin ^i^^Mi^iii ^^,i; ^-' ([^,^ _2„/] + [^/^ _2„' _ k]) 



2^^-l _. n(u+l){^'+l) ^^-lMn'-l)i 



-i EoX;'=o -n ^^'^"^r "^^ E^Co -"^" -^HK, 1 - 2n'] + W, l-2n'- k]) 
+^ sin --^ Eto ^"("'-'^'^ [¥' ^(k) - 2n'] , 



where 6'(k) := 0, 1 according to ^ odd or even respectively ; for odd zv, 

S([z., 1 - 2n]) = I EeTn".Lo sin ^(^l±lKfi:±i) eJIo^^-^^-'IK, -2n'] - K, -2n' - k]) 

+1 EoX :loSin -(-+^;^(-'+^) E|:o^^"-^^^"'-^H[^^ l - ^n'] - {v\ l-2n'- k]) , 

S([z., 1 - 2n - k]) = f EeXr.'=o sin ^^^^±i^^^^ eJ=o^("-^)"'(K, -2n'] - [u', -2n' - k]) 

-I EoX^Lo sin ZI(^^±1^^^ Eto a;("-^)("'-^)(K, 1 - 2n'] - [.', 1 - 2n' - k]) . 

From which one can derive the following relations, 

c^l ^ ^1 ^\ 4 v^Mi 1-1 v^TV-l / /\ • Tv{2u+l){2u' +1) nn'\ /^ ^1 / ^ 

S(|J^ >i,i 0|n >) = ^2ly'=Q En'=o ^i.U'^ ) sm -^ ^ ^c^"" |i/ >i,i 0|n > , 

S(k >!,-! ®\n » =^E:!fl^'^"^E^I^ ^-1,1(^0 sin -(^-+^p-'+^) ^"("'-^)|.- >-i,i 0|n' > , 

S(|. >_!,! 0|n » = |(E:!f-o^''E^I^sin -(^-+y+^) ^("-|)»V- >!,_! 0|n' > , 

S(k >-!,-! ^|n >) = I T^::,-'-' E^i;, sin ^(2^+y +^) ^(n-|)K-|)|,^ >_,^_, ^\n'> . 

Hence we obtain the matrices of S for Hns- By Proposition 4 the S-expression of a Ramon sector 
differs from the one of the Neveu-Schwarz sector only by a factor e '^v-i(='=va+4)_ Therefore, with 
the equalities, 

g27rv^^{±Q[2„,_2n]+f) = ^/^UJ^''''--'^/^ , g27rV^{Q[2^ + l,l-2n] + t) = ^/^W^"+^/*^ , 

g27rv^:^{-Q[2,+i,i_2n]+f) = ^/ri^"-f . 

the S-transformation matrices for Hr,H~ follow from that of Hns- ^ 
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6 Appendix: Geometrical Realization of N=2 Conformal Algebra 

The geometrical representation of generators of Virasoro algebra in terms of vector fields on (D* has 
been well-known in literature, so is the N=l conformal algebra's generators as derivations of (D* with 
one Grassmann variable 9, (see for instance H). The super- vector field expressions of N-extended 
conformal algebra for a general N have been treated in a similar way, and its various forms could be 
found in literature []To| . In this section, we are going to present a detailed geometrical realization 
of the N= 2 conformal algebra so that one could have a better understanding of the symmetries 
represented by this algebra. We start with an alternative definition of the N=2 conformal algebra, 
whose formulation works also for an arbitrary value N, 

[Lm, Ln] = (m - n)Lm+n + ^("1^ - m)6m+nfi , [Jm, Jn] = §rn6m+n,0 , 

{G^, G^} = 26j^kLp+q + ^/^ej^kiP - q)Jp+g + f (p^ - l)Sj,kSp+g,o , 

where j,k = 1,2, and ej^k are antisymmetric with ei^2 = 1- The definition of SCA in Sect. 3 is 
equivalent to the above one by the relations, 

^n = ^^(^n + V — 1G„) , G„ = —r={Gj^ — V— 1G„) ■ 



V2' " "" " V2' 

It is easy to see that the correspondence, 

Ln ^ (-l)"+iL_„ , Jn ^ (-1)"J^„ , G; ^ {-ir-^G% , (* = 1,2, or ±) , (24) 

together with c ^^ — c, give rise to an automorphism of the superalgebra SCA. There is a finite 
dimensional Lie-superalgebra g invariant under the above automorphism, the even part g^ and odd 
part g° are given by 

g^ =< L_i,Lo,Li, Jo >([; ~s/2©<C'/o, 

g° =< Gil , G|i >(c =< Gt,G^^ >(c . 

2 2 2 2 

Here the standard basis elements e, /, h of s/2 with [h, e] = 2e, [h, f] = —2/, [e, /] = h, are expressed 
by 

e = Li , h = -2Lo , / = -L_i . 

The representation of the even algebra g^ on the odd space g° decomposes into two copies of the 
canonical 2-dimensional representation of sl2- 

[h, Gk] = ±Gl , [e, Gl] = , [e, GU] = G! , [/, G!] = GU , [/, GU] = , 
222 2222 2 

for * = 1,2, or it; while the action of Jq is given by 

[Jo, Gi] = V^e,- fcG^ , or [Jo, G±] = ±G± . 
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The product of odd generators are given by the following relation: 
:<i nk \ — ox . . ^ sni nk \ — _ox. , f sni nM 



{G\ ,G\} = 26j,ke , {G-Li , G^ } = -26j,kf , {G'^,Gl } = -6j,kh - V-lej^kJo , 

2 2 2 2 2 2 

equivalently 

{Gp ,Gg} = {Gp , Gg } = 0, 

{G+,G7} = 2e, {Gt,,GZ,} = -2f, {Gt,,G-,} = -h- Jo , {GZ,,Gt} = -h + Jo . 

22 22 22 22 

In conformal field theory, the operators /, 4, e, G*_i , Gl , Jq are called the momentum, dilation, 

~T 2 

special-conformal, supersymmetry, s-supersymmetry, and S'0(2)-charge generators. Let (D* ' be 
the one dimensional superspace with the coordinate, t € (£* , and the two-component Grassmann 
variable, 9 = {6^, 9"^). The SCA with c = can be represented by the following super- vector fields 
on (D*i'2, 

T _+^(+A. _|_ ri+l gk d \ 

^n — t- \''dt ~^ 2 ^ 89^ ' ^ 

Gi = JU^t^^ipa + '-^0^4.) - ^ J,] , (25) 



p V V ^ \dt^ 2t " d¥' 2^/^de^ 

J / T+nfgl d _ a2_d_\ 

Under the conformal transformation, 

{t,9)^{-t-^,-t-^9) , 9 = {9\e'^) 

one has the relations, 

d n d ^u d d d 

^t Vt9 r, 7 ^ -t r 

dt dt de^ ' dOi 89^ 



which give rise to the automorphism ( |24 ) of SCA. Let P^'^ be the one-dimensional projective 
superspace, which is the union of two affine spaces L^O) f^o with the super-coordinates: 

(t, 0) G (Di'2 ~ t/o , (t,6*)G (Di'2~t/oo . 

The intersection, Uo D Uoo, consists of elements with t ^ 0, or t ^ 0, with the coordinate transfor- 
mation 

We shall denote Vect(M) the space of super- vector fields of a super-manifold M. Then through 
(p5|), one can regard Ln,G^p, Jn as elements in Vect(C/o H Uoo), and we have 

Ln (n>-l), G; (p>^), Jm (m>0) G Vect(C/o) , 
Ln (n<l), G; (p<i), Jrn (m < 0) GVect(C/oo) 

Hence 

g =< L„, J^, Gl >([, nVect(pi'2) . 

Now one can clearly see the analogy of above description of N=2 conformal algebra with the usual 
Virasoro interpretation of vector fields on 1-dimensional projective space P . 
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